A Drinfeld module has a p-adic Tate module not only for every finite place p of the coefficient ring but also for p = ∞. This was discovered by J.-K. Yu in the form of a representation of the Weil group.
1. Introduction 1.1. The good reduction criterion. Let F q be a finite field of cardinality q. Fix a function field F over F q and a place ∞ of F . Let F ∞ be the completion of F at ∞ and A ⊂ F the ring of elements which are integral outside ∞. Let K be a field over F q and E a Drinfeld A-module of rank r over Spec K. In this setting J.-K. Yu [31] constructed a representation ρ ∞ : W K → D × ι where • W K is the Weil group of K, see Definition 6.1.2, • D ι is a central division algebra over F ∞ of Hasse invariant − 1 r . In this text we shall define the ∞-adic Tate module of the motive of E. We shall see that the representation ρ ∞ comes from the action of W K on this object.
Suppose that we are given a valuation v : K × Z with the ring of integers R. Let ι E : A → K be the morphism induced by the action of A on the tangent space of E at 0. We assume that ι E (A) ⊂ R. It then makes sense to ask whether E has good reduction over Spec R. We shall establish the following criterion: The Tate module T (M ) is a hybrid of the Tate module introduced by Gross [11] for p-divisible groups and a construction of J.-K. Yu [31] for Drinfeld modules. The underlying D-vector space is the one of [11, §2] but the Galois action is modelled on [31, Construction 2.5] . The key idea is to define an action of the Weil group rather than the full Galois group. This is due entirely to J.-K. Yu.
Motives and isocrystals.
To explain the construction of the ∞-adic Tate module we return to the setting of Section 1.1 where E is a Drinfeld A-module of rank r over Spec K.
We shall need the notion of the motive of E introduced by Anderson [1] . Set A K = K ⊗ Fq A and let σ : A K → A K be the morphism x ⊗ a → x q ⊗ a. We denote by σ * the functor of extension of scalars along σ. Consdier the A K -module M = Hom Fq (E, G a,K ) on which K acts via G a,K and A acts via E. The motive of E is the pair consisting of M and the morphism σ * M → M induced by the q-Frobenius of G a,K , see Definition 9.1.2. It is known from the work of Drinfeld [3] that M is locally free of rank r over A K .
For every place p of F we denote the corresponding local field by F p and set
This may be viewed as the p-adic completion of the rational motive F ⊗ A M . The morphism σ * M → M gives rise to an isomorphism σ * M p ∼ − → M p . So we obtain an isocrystal M p for each place p including p = ∞.
As before we denote by ι E : A → K the morphism induced by the action of A on the tangent space of E at 0. The isocrystal M p is pure for each p = ker(ι E ). Invoking the construction of Section 1.2 we get a Tate module T (M p ) for every such place p. In particluar we obtain the Tate module T (M ∞ ).
If p is different from ker(ι E ) and ∞ then M p is of slope 0. By Remark 1.2.1 the action of the Weil group on T (M p ) extends canonically to a continuous action of the full Galois group. The resulting representation is dual to the rational Tate module V p E: There is a natural Galois-equivariant isomorphism
where Ω p = F p ⊗ F Ω F/Fq is the p-adic completion of the space of rational Kähler differentials Ω F/Fq . Drinfeld proved in [3] that the isocrystal M ∞ is pure of slope − 1 r . So the Tate module T (M ∞ ) is naturally a right vector space over an F ∞ -algebra D which is a central division algebra of invariant 1 r . Since M is of rank r over A K it follows that T (M ∞ ) is of dimension 1 over D. Theorem 9.2.2 says that, up to technical details, T (M ∞ ) is the representation introduced by J.-K. Yu [31] .
The construction of [31] has nothing to do with torsion points of E. Nonetheless we see that T (M ∞ ) and the Tate modules at finite places arise in the same way from the motive of E. This puts the construction of J.-K. Yu on equal footing with the other Tate modules.
One must add that the technical details of Theorem 9.2.2 hide an important difference. The representation of J.-K. Yu depends on a choice of extra parameters, but the Tate module T (M ∞ ) is canonical. The details are explained in Remark 9.2.3 and in the discussion above it.
In the same way we get the notion of the ∞-adic Tate module for pure Anderson motives and, more generally, pure τ -sheaves, see Section 9.3. The main theorem of [31] extends readily to this setting. A related result of Zywina [32, Corollary 4.9] implies the full faithfulness part of an ∞-adic Tate conjecture for pure τ -sheaves. I plan to discuss all this in a forthcoming paper. 1.4 . Tate modules, σ-bundles and the curve. To prove the good reduction criterion we shall study ramification properties of Tate modules. Fix a valuation v : K × Z and let R be its ring of integers. In Section 8.3 we introduce the notion of good reduction over R for isocrystals. Theorem 8.3.6 shows that the Tate module of a pure isocrystal is unramified at v if and only if the isocrystal has good reduction over R.
Pure isocrystals of good reduction have a property which is not enjoyed by arbitrary isocrystals. Namely, every such isocrystal gives rise to a σ-bundle of Hartl-Pink [15] . This connection is crucial to the proof of Theorem 1.1.1. Let us explain how it works. For expository purposes we consider a valuation v : K × → R which is not necessarily discrete. We assume that K is complete with respect to v and work with the norm |x| = q −v(x) . We denote by L the local field F q ((z)).
A σ-bundle of Hartl and Pink [ 
where σ :Ḋ K,L →Ḋ K,L is the q-Frobenius. Hartl and Pink classified σ-bundles for algebraically closed fields K [15, Theorem 11.1].
If K is perfect then σ is an automorphism ofḊ K,L . In this situation one may think of σ-bundles as vector bundles on the quotient X K,L =Ḋ K,L /σ Z .
Fargues and Fontaine [5] , [6, Sections 6.5 and 7.3] constructed X K,L as a scheme over Spec L. This scheme is not of finite type, but is separated integral noetherian regular of dimension 1 and has genus 0 in the sense that H 1 (X K,L ) = 0. It also has a completeness property. The classification of vector bundles on X K,L is similar to Grothendieck's classification of vector bundles on the projective line. This parallel was observed already by Hartl and Pink and plays a major role in their theory.
Remark. Fargues and Fontaine introduced a complementary p-adic construction: there is a punctured open unit diskḊ K,Qp and its quotient X K,Qp is a scheme over Spec Q p which behaves as a complete curve of genus 0. This scheme has a deep connection to p-adic Hodge theory.
By assumption L = F q ((z)) and so B K,L = K((z)) is the ring of Laurent series with finite principal parts. Isocrystals of good reduction have models over R((z)). All the elements of R((z)) converge on the punctured open unit disk. This allows us to define a base change functor V → V an from pure isocrystals of good reduction to σ-bundles.
The main result in this direction is Theorem 8.4.7: if the valuation v is discrete then the functor V → V an is fully faithful. To prove this theorem we show that Fargues-Fontaine construction of X K,L yields an empty scheme whenever the valuation v is discrete (Remark 8.4.5) . In contrast, if K is perfect then X K,L is not empty and the functor V → V an is not full. 1.5. Good reduction of Drinfeld modules. Let us explain how Theorem 8.4.7 implies the good reduction criterion. As before we denote by M the motive of the Drinfeld module E over Spec K. For simplicity we assume that F ∞ = F q ((z)).
To speak of the reduction type of E over Spec R we must assume that ι E (A) is contained in R. The motive M then gives rise to a σ-bundle M onḊ K,F∞ . Let us further assume that E has stable reduction. The results of Drinfeld [2, §7] and Gardeyn [8, Theorem 1.2] imply that there is a saturated subbundle N ⊂ M with the following properties:
• M/N arises from a pure isocrystal of good reduction, • N arises from a pure isocrystal N of slope 0 and good reduction, • N = 0 if and only if E has good reduction. If M ∞ has good reduction then Theorem 8.4.7 implies that the inclusion N → M arises from a morphism of isocrystals N → M ∞ . Such a morphism is zero since the slopes of N and M ∞ are different. Hence N = 0 and E has good reduction. 1.6. Good reduction of A-motives. The good reduction criterion of Hartl and Hüsken [13] applies to arbitrary A-motives. The criterion of Takahashi [30] was extended to A-motives by Gardeyn [9] . However our criterion does not work in this generality yet.
Let M be the σ-bundle associated to M . The analytic semistablity theorem of Gardeyn [7, Theorem 4.13] shows that after a finite separable extension of K the σ-bundle M acquires a canonical filtration 0 = M n ⊂ M n−1 ⊂ · · · ⊂ M 1 ⊂ M 0 = M where every subquotient M i /M i+1 comes from an isocrystal M i of good reduction. The motive M has potential good reduction if and only if M 1 = 0. The filtration on a motive of a Drinfeld module has M 2 = 0 and M 1 = N .
Assume that the isocrystal M ∞ is pure and that its Tate module T (M ∞ ) is unramified. The results of this paper imply that the motive M has good reduction if one of the isocrystals M 0 , M n−1 enjoys the following properties:
(1) M i has a filtration with pure subquotients of good reduction, (2) the slopes of M i are different from the slope of M ∞ . Neither of them is known apart from the case of Drinfeld modules. The general case is a subject of current research.
Acknowledgements. This paper was motivated by an insight of Lenny Taelman. He predicted that the representation of J.-K. Yu [31] should arise by a functorial construction from the isocrystal M ∞ . Convention. We shall work with a single difference ring structure on every suitable R. So we speak of R itself as a difference ring and reserve the letter σ to denote the corresponding endomorphism. Let f : R → S be a morphism of difference rings and M a left R{τ }-module. The natural map S ⊗ R M → S{τ } ⊗ R{τ } M is an S-linear isomorphism. The resulting action of τ on S ⊗ R M is given by the formula τ (s ⊗ m) = σ(s) ⊗ τ (m).
Fix a difference ring R. We review the notion of a σ-module over R and discuss some constructions with σ-modules which make sense for arbitrary difference rings.
• M is locally free of finite type as an R-module,
• the linearized action map of M is an isomorphism.
These objects are known under many names in the literature. Our terminology is borrowed from [12] where it is used for a restricted class of difference rings. 
The dual σ-module Hom(M, 1 R ) is denoted by M * . Convention. Whenever the difference ring R is clear from the context we shall write 1 for 1 R and Hom(M, N ) for Hom R{τ } (M, N ).
Isocrystals
Fix a finite field F q of cardinality q. From now on all morphisms are assumed to be F q -linear.
3.1. Locally constant sheaves. Let R be an F q -algebra and σ : R → R the q-Frobenius. We shall review some results on σ-modules over R. Unfortunately this does not seem to appear in the literature in the form we need.
A left R{τ }-module M determines a quasi-coherent sheaf Mé t on the smallétale site of Spec R together with an F q -linear endomorphism τ : Mé t → Mé t . We set Remarkably, this holds with no restriction on R whatsoever. Proof of Proposition 3.1.2. Let f : M → N be a morphism of σ-modules and let K, Q be its kernel and cokernel computed in the category of left R{τ }-modules. We need to show that K and Q are locally free R-modules of finite type and that their linearized action maps are isomorphisms. It is enough to do soétale-locally on Spec R. In view of Theorem 3.1.1 we are free to assume that f comes from a constant morphism of constant sheaves. In other words f has the form
Then K = ker f 0 ⊗ Fq 1 and Q = coker f 0 ⊗ Fq 1, and the result follows.
3.2.
The coefficient field. For the duration of Sections 3 -8 we fix a local field F over F q , the coefficient field. We use the following notation:
• O ⊂ F is the ring of integers,
The field κ is naturally isomorphic to the residue field O/m.
We also fix a uniformizer z ∈ F . Save for Definition 8.4.3 this choice does not affect the definitions and the results which follow.
Lisse sheaves.
Let R be an F q -algebra. Recall that a lisse m-adic sheaf on the smallétale site (Spec R)é t is an inverse system F = {F n } n 1 where
• each F n is a locally constant sheaf of O/m n -modules,
• the transition maps are O-linear and induce isomorphisms
The stalk of F at a geometric pointx is the O-module lim n→∞ (F n )x. This is automatically finitely generated. A morphism of lisse m-adic sheaves is an O-linear morphism of inverse systems. Normally one works with lisse sheaves on noetherian schemes only, but this restriction is not relevant in our setting. Definition 3.3.1. The ring A R,F is the completion of the ring R ⊗ Fq O at the ideal R ⊗ Fq m. We denote by σ : A R,F → A R,F the completion of the endomorphism which acts as the q-Frobenius on R and as the identity on O.
Convention. For brevity we shall write A R in place of A R,F . Although this result is widely known, I have not found a reference. The following proof is included for the readers' convenience. We shall only need the cases where R is a field or a discrete valuation ring, but the latter case is not much easier than the one of arbitrary R. We shall deduce Theorem 3.3.2 from a sequence of lemmas. (1) M/zM is locally free over S and the sequence M
We will use this lemma with S = R and S = F q .
Proof of Lemma 3.3.3. The S ⊗ Fq A-module S ⊗ Fq A/zA admits a free resolution
Thus the sequence in (1) 
and the induced sequence ofétale sheaves
We shall prove that the following are equivalent: 
• The morphisms of inverse systems are A R -linear.
Proof. Let {M n } n 1 be such an inverse system. According to [St: 0D4B] the limit M = lim n→∞ M n is a finitely generated locally free A R -module and the natural maps M/m n M → M n are isomorphisms. Conversely, a finitely generated locally free A R -module is m-adically complete by Lemma 3.3.5. Convention. We omit the prefix "B R -" when the ring R is clear from the context. These objects are related to F -isocrystals from Berthelot's theory of rigid cohomology, see [22] . Informally speaking, an F -isocrystal is an isocrystal with the coefficient field F = Q p equipped with a Q p -linear connection. Although connections do not appear in the theory of B R -isocrystals, almost all the results of this article have analogs for F -isocrystals. The notion of purity is central to this work. In a moment we shall see that the slope of a nonzero pure isocrystal does not depend on the choice of s, r and T . Note that in Definition 3.4.6 the exponent of τ is a multiple of d. This ensures that for every field K the slopes of B K -isocrystals of rank 1 are integral.
Example 3.4.7. Every Drinfeld module of rank r gives rise a pure isocrystal of slope − 1 r , see Proposition 9.1.6. Even though this proposition only covers the case of a field R, the underlying construction of Drinfeld [3] works for arbitrary rings. More generally, pure Anderson motives of weight w give rise to pure isocrystals of slope −w, see Section 9.3. (1) M ⊗ N is pure of slope λ + µ. Proof. Since M is the union of z −n T , n 0, it is enough to prove that ker(f | T ) = 0. For every n 0 the morphism f sends z n T to z n U and induces an injection modulo z. Hence ker(f | T ) ⊂ n>0 z n T . The latter submodule is zero since T is m-adically complete (Lemma 3.3.5). Proof. According to Lemma 2.3.7 the isocrystal H = Hom(M, N ) has the property that H τ = Hom(M, N ). We shall prove that H τ = 0.
The isocrystal H is pure of a strictly positive slope by Proposition 3.4.12. So there is an integer r > 0 and a lattice T in H such that τ rd T ⊂ zT . As a consequence the F -linear morphism 1 − τ rd : H → H sends T to T and reduces to the identity modulo z. Lemma 3.4.13 shows that 1 − τ rd is injective. In other words H contains no τ rd -invariant elements. It then contains no τ -invariant elements either. Proof. Let M be such an isocrystal and let λ, µ be its slopes. The identity morphism M → M is a nonzero morphism from a pure isocrystal of slope λ to a pure isocrystal of slope µ. Proposition 3.4.14 implies that λ µ. Interchanging λ and µ we conclude that λ = µ. Proof of Proposition 3.4.16. As before we consider the isocrystal H = Hom(M, N ) and aim to prove that H τ = 0. In view of Proposition 3.4.14 we are free to assume that λ > µ. Then there is a lattice T ⊂ H and integers s < 0, r > 0 such that z s T is generated by τ rd T . The F -linear morphism 1 − τ rd sends T to z s T . Let f be its reduction modulo z. We shall prove that f is injective. The result then follows from Lemma 3.4.13.
Let σ : R → R be the q-Frobenius. The morphism f is σ rd -linear since s < 0.
The locally free R-modules T /zT and z s T /z s+1 T are isomorphic by construction. In particular their rank functions coincide. The rank function of (σ rd ) * (T /zT ) is the same as the one of T /zT since σ is the identity on the topological space Spec R. Hence f lin is an isomorphism. As R is reduced it follows that f is injective. This defines a nonzero morphism M → 1, x → xy to a pure isocrystal of slope 0.
3.5.
Rank. For the moment we assume that Spec R is connected. Proof of Lemma 3.5.1. As usual we denote by κ the algebraic closure of F q in F .
is a bijection since the q d -Frobenius of R⊗ Fq κ is the tensor product of the q d -Frobenius of R and the identity endomorphism of κ. We thus need to show that X(R⊗ Fq κ) = X(B R ). Write an element f ∈ X(B R ) in the form f n + f 0 + f p where f n has only negative powers of z, f p only the positive ones and f 0 is the constant coefficient.
All the idempotents of B R belong to the subset X(B R ). The endomorphism σ of B R restricts to an endomorphism of X(R) ⊗ Fq κ which acts as the q-Frobenius on X(R) and as the identity on κ. Hence it is enough to study the action of σ on the idempotents of X(R) ⊗ Fq κ.
Next we claim that X(R) admits an embedding to κ. Pick an R-algebra K which is a separably closed field. As Spec R is connected and X is finiteétale over Spec F q we conclude that the natural map X(R) → X(K) is injective. The claim follows since X(K) ∼ = κ.
As a consequence X(R)⊗ Fq κ decomposes to a direct product of [X(R) : F q ] copies of κ. Under this decomposition the endomorphism σ acts by a cyclic permutation of the coordinates. We conclude that σ acts transitively on the set of minimal idempotents of X(R) ⊗ Fq κ.
3.6. Morita equivalence. Fix an isocrystal N . We shall see that under a natural assumption on N the twisting operation M → N ⊗ M admits an inverse. This will let us to reduce some questions on pure isocrystals to pure isocrystals of slope 0.
The isocrystal S = Hom(N, N ) is an associative unital B R -algebra under composition. The maps S ⊗ S → S and 1 → S induced by the multiplication and the unit of S are morphisms of isocrystals.
Definition 3.6.1. A left S-isocrystal is an isocrystal P equipped with a morphism of isocrystals S ⊗ P → P which makes P into a left S-module. A morphism of left S-isocrystals is an S-linear morphism of the underlying isocrystals.
The notion of a right S-isocrystal is defined in the same manner. If M is an isocrystal then N ⊗ M is a left S-isocrystal in a natural way. If P is a left Sisocrystal then P * is naturally a right S-isocrystal.
Proposition 3.6.3. Assume that Spec R is connected. If N = 0 then the functor M → N ⊗ M is an equivalence of categories of isocrystals and left S-isocrystals. An inverse is given by the functor P → N * ⊗ S P .
Proof. We denote α : N ⊗ B R N * → S the natural isomorphism. First let us show that for every left S-isocrystal P the left B R {τ }-module N * ⊗ S P is an isocrystal and the natural map µ :
The map µ is an S-linear isomorphism by construction. It follows that N * ⊗ S P is a locally free B R -module of finite type. Since the isomorphism µ is also B R {τ }linear we conclude that the linearized action map of N * ⊗ S P is an isomorphism. Therefore N * ⊗ S P is an isocrystal.
Next let us show that for every isocrystal M the B R {τ }-linear map
is an isomorphism. According to Corollary 3.5.2 the B R -module N is locally free of constant rank greater than zero. As a consequence the functor Hom B R (N, −) is faithful. Morita theory [24, Chapter 7, Proposition 18.17 (2a), p. 486] shows that the map tr :
, is an isomorphism and the result follows.
Isocrystals over a field
Fix a field K over F q . In this section we develop a theory of B K -isocrystals.
4.1.
Generalities. Proof. Let f : M → N be a morphism of isocrystals. Let P and Q be the kernel and the cokernel of f in the category of left B K {τ }-modules. The functor σ * is exact on B K -modules. So five lemma shows that the linearized action maps of P and Q are isomorphisms. The ring B K is a finite product of fields. Hence P and Q are locally free B K -modules of finite type.
The following technical result will help us to relate the theory of isocrystals with the works of Drinfeld [3] and J.-K. Yu [31] .
r if and only if there is a decreasing family {T n } n∈Z of lattices in M such that for all n
The proof of this proposition depends on a lemma.
Proof. We argue by induction on n. If n > 0 then there is a nonzero
Proof of Proposition 4.1.2. By assumption there are integers s and h, h > 0, and a lattice T in M such that s h = 1 r and z s T = τ hd T . Let T av be the A K -submodule of M generated by T, τ T, . . . , τ hd−1 T . The ring A K is a finite product of discrete valuation rings and B K is the product of the corresponding fraction fields. Hence T av is a locally free A K -module of finite type. By construction z s T av = τ hd T av . So we are free to replace T with T av . Now T is closed under the action of τ . For each n ∈ Z we write n = ah + b, a ∈ Z, b ∈ {0, . . . , h − 1} and set T n = z sa τ b T . The family of lattices {T n } n∈Z has the property (1) by construction. Furthermore T n+hd = z s T n for all n ∈ Z.
As M is a free B K -module of rank r it follows that each T n is a free A K -module of rank r. So the quotient T n /T n+hd = T n /z s T n is a free module of rank r over the ring K ⊗ Fq O/m s . Since r = h s we conclude that dim K T n /T n+hd = r · sd = hd.
Every subquotient T n /T n+1 is nonzero. Indeed if T n /T n+1 = 0 then T n is generated by τ T n and so M is a pure isocrystal of slope 0, a contradiction to Proposition 3.4.15. Now the equality
Consider the quotient V n = T n /zT n . This is a left K{τ }-module of dimension rd over K. By assumption τ hd acts by zero on V n . Lemma 4.1.3 shows that the endomorphism τ rd : V n → V n is zero. Hence T n+rd + zT n = zT n , or in other words T n+rd ⊂ zT n . We thus have a surjection T n /T n+rd → T n /zT n . Since its source and target are of dimension rd it follows that T n+rd = zT n . So we obtain (2).
4.2.
The field of constants. Recall that the field of constants κ is the algebraic closure of F q in the coefficient field F . So there are no pure B Fq -isocrystals of rank 1 and slope 1 whenever d > 1.
Proof of Proposition 4.2.1. Let M be an isocrystal of rank r and slope 1 r . Consider a family of lattices {T n } n∈Z in M produced by Proposition 4.1.2. Every quotient T n /T n+1 is an A K -module and so carries a K-linear action of κ. This determines a homomorphism κ → K since dim K T n /T n+1 = 1.
Let us assume that there is a morphism φ : κ → K. We denote by K φ the field K viewed as a κ-algebra via φ. The field κ is finite, so we have a theory of isocrystals with κ in place of F q . This gives us the difference rings
, the notions of purity and slope. Note the following facts:
• The endomorphism σ acts as the q d -Frobenius on the subfield K ⊂ B K φ .
• The parameter d is equal to 1 in the theory of B K φ -isocrystals. We shall prove that the categories of B K -isocrystals and B K φ -isocrystals are equivalent, and that this equivalence respects purity and slopes. So computations with B K -isocrystals can be done under extra assumption d = 1 whenever the field K contains a copy of κ.
In the following we view left We split the proof into a sequence of lemmas. Let δ : κ → κ be the q-Frobenius. The set of all F q -algebra morphisms κ → K is
The choice of φ gives us a bijection between this set and the abelian group Z/d. For each i ∈ Z/d we denote by K (i) the field K with a κ-algebra structure φδ i and
Proof. We have an isomorphism of κ-algebras
Taking the tensor product over κ with O on the right we obtain an isomorphism
Its m-adic completion is the desired isomorphism.
be the completion of the morphism which acts as the q-Frobenius on K and as the identity on O.
Inverting z we obtain morphisms [i] :
We denote by r * (M, a) the left B K {τ }-module whose underlying B K -module is r * M and the linearized action map is the unique morphism which restricts to the identity on B K (i) , i ∈ {1, . . . , d − 1}, and to the morphism a on B K (0) . This construction makes sense thanks to Lemma 4.2.5. (
Proof. The natural transformation µ is an isomorphism on the category of Proof. Let f : M → N be a surjection. The ring A K is a finite product of discrete valuation rings and B K is the product of the corresponding fraction fields. Hence the image of any lattice in M under f is a lattice in N , and the result follows.
If f : N → M is injective then f * : M * → N * is an epimorphism since the functor M → M * is an antiequivalence by Lemma 2.3.6. Proposition 4.1.1 implies that f * is surjective on the level of B K -modules. So N * is pure of slope −λ by the argument above. Then N is pure of slope λ. Proof. Let M be a pure isocrystal of slope 0. By definition there is a lattice T in M and an integer r > 0 such that
The ring A K is a finite product of discrete valuation rings. Hence T av is locally free of finite type and the claim follows. [25] ). Assume that K is separably closed.
(1) For every rational number λ there is a pure and simple isocrystal M λ of slope λ, unique up to isomorphism. (2) The rank of M λ is equal to the denominator of λ written in lowest terms.
Proof. First we prove the unicity part of (1 Write λ = s r in lowest terms and let M λ be the left B K {τ }-module generated by an element m with a relation τ r m = z s m. This is clearly an isocrystal. Lemma B.1.10 of [25] shows that M λ is simple. Let T ⊂ M λ be the free A Ksubmodule on the basis m, τ m, . . . , τ r−1 m. Then τ r T generates z s T and so M λ is pure of slope λ. We thus get the existence part of (1). Property (2) holds by construction. Property (3) [32, Proposition 4.5 ]. The following counterexample shows that this is false: if K is not perfect then there are mixed isocrystals which do not split into a direct sum of pure ones.
Assume that F = F q ((z)). Then B K = K((z)). Let α ∈ K be an element which has no q-th root. Consider the isocrystal M with a K((z))-basis e 0 , e 1 on which τ acts as follows: τ (e 0 ) = e 0 , τ (e 1 ) = ze 1 + αe 0 . The subisocrystal M 0 = K((z)) · e 0 is pure of slope 0 and M/M 0 is pure of slope 1. Proposition 4.3.1 implies that M is not pure. We claim that M 0 is not a direct summand of M .
Let s : M → M 0 be a splitting of the inclusion M 0 → M 1 . Then s(e 0 ) = e 0 and s(e 1 ) = xe 0 where x ∈ K((z)) is a solution of the equation σ(x) = zx + α. The coefficients of x at negative powers of z are zero and the coefficient at z 0 is a q-th root of α which does not exist by assumption.
Remark 4.3.6. Isocrystals over any field K carry a unique increasing filtration with pure subquotients of strictly increasing slopes, the Harder-Narasimhan filtration. If the field K is perfect then Harder-Narasimhan filtration splits giving rise to a canonical decomposition into pure sub-isocrystals. Proof. We are free to assume that K is separably closed. The claim follows by applying Proposition 4.3.7 and comparing the ranks.
The m-adic topology
Let K be a field over F q . Some of our arguments employ the notion of m-adic topology on A K -modules and B K -modules which we now introduce. 
Proposition 5.1.3. Let T be a locally free A K s -module of finite type equipped with a semi-linear action of G which is continuous in the m-adic topology. Then the natural map
We split the proof into a sequence of lemmas.
Proof. Given a topological abelian group A on which G acts continuously we denote by C(G, A) the abelian group of continuous maps G → A and d : A → C(G, A) the morphism which sends an element a ∈ A to the map γ → γa − a. Consider a commutative diagram
The bottom row of this diagram is exact since limits are left exact. The middle and right vertical arrows are isomorphisms since T is m-adically complete. Hence the first vertical arrow is an isomorphism.
Proof. The quotient T /m n T is a finite-dimensional K s -vector space equipped with a semi-linear action of G which is continuous in the discrete topology. So the result follows from Hilbert's Theorem 90.
Proof. Set U n = (T /m n T ) G and consider the inverse system {U n } n>0 . We claim that for every n > 0 (i) the K ⊗ Fq O/m n -module U n is locally free of finite type, (ii) the transition maps induce isomorphisms U n+1 /m n U n+1 ∼ − → U n . Now T G = lim U n by Lemma 5.1.4. In view of (i) and (ii) the result follows from
The base change of U n to the ring K s ⊗ Fq O/m n is locally free of finite type by Lemma 5.1.5. So faithfully flat descent implies (i). To prove (ii) we consider a complex of G-modules
placed in degrees 0 and 1. Hilbert's Theorem 90 shows that the G-module T /m n+1 T is a direct sum of copies of K s . Additive Theorem 90 implies that the hypercohomology spectral sequence H j (G, C i ) ⇒ H i+j (G, C) collapses at the first page. The same argument shows that H 0 (C) and H 1 (C) are direct sums of copies of K s so the hypercohomology spectral sequence H i (G, H j (C)) ⇒ H i+j (G, C) collapses at the second page. Comparing the pages we obtain (ii).
Proof of Proposition 5.1.3. The A K -module T G is locally free of finite type by Lemma 5.1.6. So it is enough to show that the natural map A K s ⊗ A K T G → T is an isomorphism modulo m. The natural morphism T G /mT G → (T /mT ) G is an isomorphism by Lemma 5.1.6. The claim then follows from Lemma 5.1.5. Proof. Follows since the ring A K is a finite product of discrete valuation rings and
is the product of the corresponding fields of fractions.
The notion of a semi-linear action of G on a locally free B K s -module of finite type is defined in the same way as for A K s -modules. The following proposition will be useful for averaging arguments. 
Tate modules for pure isocrystals
Let K be a field over F q . We shall define Tate modules for pure B K -isocrystals. Under a suitable condition on the field K we shall prove that the Tate module functor is fully faithful and describe its essential image. Our next task is to equip T (M ) with a Galois action. We identify Gal(F/F q ) with Z using the geometric Frobenius as a generator. Let G K = Gal(K s /K). Restriction toF defines a homomorphism ord : G K → Z.
is an open subgroup with its natural profinite topology.
The B K -algebra B K s carries an action of G K by functoriality. Extending it by the identity on M we obtain an action of G K on B K s ⊗ B K M . To make sense of the negative powers of τ note that τ : N → N is an automorphism sinceF is perfect. A straightforward computation shows that γ(f ) is BF{τ }-linear and so belongs to T (M ). We thus get a left action of W K on T (M ). It commutes with the right action of D by construction. In contrast to pure isocrystals the rational number s r may depend on the choices of s and r. The reason is that ord(W K ) may be the zero subgroup. Theorem 6.1.8. The functor M → T (M ) transforms pure isocrystals of slope λ to λ-admissible (W K , D)-representations. If W K is dense in G K then this functor is an equivalence of categories. Remark 6.1.9. The Weil group W K is dense in G K if and only if K ∩F is either finite or coincides withF. This condition holds for every field which is finitely generated over F q , for every local field, and is preserved under perfect closure. Example 6.1.10. In the case λ = 0 the algebra D coincides with F . A (W K , F )representation is 0-admissible if and only if it contains a W K -stable lattice. This happens if and only if the action of the subgroup W K ⊂ G K extends to a continuous action of its closure. So Theorem 6.1.8 reproduces the classical equivalence of categories of pure B K -isocrystals of slope 0 and continuous G K -representations in finite-dimensional F -vector spaces for every field K such that W K is dense in G K . Remark 6.1.11. Set p = char F q . Let us describe a p-adic analog of Tate modules for isocrystals. We need to assume that the field K is perfect. For each F q -algebra R we denote by W (R) the ring of p-typical Witt vectors. Consider the rings Proof. We need to show that the open subgroup G 0 ⊂ W K of elements of order 0 acts continuously on T (M ). The fixed field L = (K s ) G0 containsF by construction. 
Let us show that Λ is finitely generated. Note that
Now T N is an AF-lattice in N and so the right hand side of this equation is zero. In other words Λ is m-adically separated. As T (M ) is a finite-dimensional F -vector space Lemma 6.2.2 shows that Λ is finitely generated over O.
The AF-module T N is finitely generated. The fact that T is a lattice in M then implies that Λ is a lattice in T (M ). It remains to prove that Λ satisfies the condition of Definition 6.1.7. Let f ∈ T (M ) and let γ ∈ W K . Set n = ord γ. The identity
Now γ is an automorphism of A K s ⊗ A K T and so γ rd f z −sn belongs to Λ if and only if f does. In other words γ rd Λ = Λz s ord γ . The result follows since λ = s r by construction.
Recall that an order in D is a subring which is at the same time a lattice. According to Theorems 12.8 and 13.3 of [28, Chapter 3] the F -algebra D contains a unique maximal order. Definition 6.2.4. We denote this maximal order by O D . Lemma 6.2.5. In Definition 6.1.7 one is free to assume that the lattice Λ is an O D -submodule and is stable under G 0 = ord −1 {0}.
Proof.
By assumption there are integers s and r, r > 0, such that λ = s r and ( †)
Since the action of W K on V is continuous the lattice Λ is stabilized by an open normal subgroup U of G 0 . Set Λ = g∈G0 gΛ. This is a lattice in V since G 0 /U is finite. The fact that G 0 is normal in W K implies that for each γ ∈ W K we have γΛ = g∈G0 gγΛ. As a consequence Λ satisfies ( †). Since U is normal in G 0 it follows that Λ is G 0 -stable.
Let Λ be the O D -submodule of V generated by Λ . This is a lattice since O D is finitely generated as an O-module. As the action of W K on V is D-linear it follows that Λ is G 0 -stable and satisfies ( †). Whence the result.
To every (W K , D)-representation V we attach a BF-isocrystal
The group G K preserves the subring BF ⊂ B K s . So it makes sense to speak of a semi-linear action of G K and its subgroups on BF-modules. The action of W K on N (V ) is semi-linear in this sense. Proof. There are integers s and r, r > 0, and a lattice T N ⊂ N such that λ = s r and τ rd T N = z s T N . The representation V is λ-admissible, so multiplying s and r by a common factor we are free to assume that there is a lattice Λ ⊂ V such that γ rd Λ = Λz s ord γ for all γ ∈ W K . In view of Lemma 6.2.5 we are also free to assume that Λ is an O D -submodule and that it is stable under
For each n > 0 the group G 0 acts on the quotient T /m n T = (Λ/m n Λ) ⊗ O D T N through the factor Λ/m n Λ. Since the action of G 0 on Λ is continuous it follows that the G 0 -stabilizer of every element of T /m n T is open. Hence the action of W K on N (V ) is continuous in the m-adic topology.
Next we claim that γ rd T = T for all γ ∈ W K . Indeed for each pair (v,
Hence γ rd T ⊂ T . This inclusion is an equality since γ −rd T ⊂ T by the same argument.
Pick an element γ 1 ∈ W K such that ord(γ 1 ) generates ord(W K ) and set
This is an AF-lattice since γ rdn 1 T = T for every n ∈ Z. By construction T av is stable under γ Z 1 and G 0 . Since W K = γ Z 1 G 0 we conclude that T av is W K -stable. Definition 6.2.7. We denote by K w the field (K s ) W K and set W K = Gal(K s /K w ). By construction W K is the closure of W K in G K . Proof. Let T ⊂ N (V ) be the W K -stable lattice constructed in Lemma 6.2.6. Pick a nonzero proper ideal I ⊂ O and fix a basis of T /IT over AF/IAF. With respect to this basis the action of W K is given by a cocycle a : W K → GL m (AF/IAF). Lemma 6.2.6 implies that the cocycle a is continuous. Since G 0 is compact it follows that a(G 0 ) is finite. In particular a(G 0 ) is contained in GL m (A k /IA k ) for some finite extension k of F q .
Let γ ∈ W K be an element such that ord(γ) generates ord(W K ). Enlarging k we are free to assume that a(γ) is an element of GL m (A k /IA k ). The latter subset is closed under the action of γ, so the cocyce condition implies that a(γ Z ) is contained in GL m (A k /IA k ). Since W K is generated by G 0 and γ it follows that a(W K ) is contained in GL m (A k /IA k ).
Thus a(W K ) is finite. The continuous cocycle a then extends uniquely to W K , the closure of W K in G K . Applying this argument for every I = m n we conclude that the action of W K on T extends uniquely to a continuous and semi-linear action of W K .
Given a λ-admissible (W K , D)-representation V we equip B K s ⊗ BF N (V ) with a termwise action of W K and set Proof. Lemma 6.2.8 implies that the action of W K on B K s ⊗ BF N (V ) extends to a continuous semi-linear action of W K . As W K is dense in W K we conclude that Proof. The ring B K s is faithfully flat over B K . Invoking faithfully flat descent we conclude that M is a B K -isocrystal.
By assumption there is a lattice T ⊂ B K s ⊗ B K M and integers s and r, r > 0, such that λ = s r and z s T = τ rd T . We equip B K s ⊗ B K M with an action of G K via B K s . The stabilizer of T is open by Proposition 5.2.3. Averaging over the action of G K we are free to assume that T is G K -stable.
The natural map A K s ⊗ A K T G → T is an isomorphism by Proposition 5.1.3. Since the ring A K s is faithfully flat over A K it follows that T G is a lattice in M . Taking the base change to A K s we conclude that τ rd T G = τ rd T G + z s T G = z s T G . Therefore M is pure of slope s r = λ.
Proof. The isocrystal B K s ⊗ BF N (V ) is pure of slope λ by construction. So it follows from Lemma 6.2.9 that the base change of M (V ) to B K s is a pure isocrystal of slope λ. Applying Lemma 6.2.10 with K replaced by K w we get the result.
Let M be a pure isocrystal M of slope λ. The evaluation morphism
is W K -equivariant with respect to the action via B K s on the target. Passing to the invariants we obtain a natural morphism 
is an isomorphism.
Proof. Note that µ is natural in V as a right D-module. The claim then follows from the case V = D which is clear.
Let V be a (W K , D)-representation. The Tate module of the isocrystal M (V ) is
Taking its composition with µ −1 we get a natural morphism
is an isomorphism by Lemma 6.2.9. Hence f is a bijection. A straightforward computation shows that this is D-linear and W K -equivariant. Whence the result. Assume that W K is dense in G K . Then W K = G K and K w = K. The natural morphism e : M (T (M )) → M is an isomorphism by Lemma 6.2.12. Conversely, for every λ-admissible (W K , D)-representation V the left B K {τ }-module M (V ) is a pure isocrystal of slope λ by Lemma 6.2.11. Lemma 6.2.14 shows that the natural map f : T (M (V )) → V is an isomorphism, and the result follows. 6.3. Admissibility for rank 1. Consider a (W K , D)-representation V of rank 1 over D. Let us explain how to test the λ-admissibilty condition for V without a recourse to lattices.
Let v D : D × → Q be the unique extension of the normalized m-adic valuation of F . Pick a nonzero element v ∈ V and let ρ : W K → D × be the homomorphism defined by the rule v · ρ(γ) = γ · v. By construction the homomorphism
is independent of the choice of v. 
Comparing with the discussion above we get the result. Definition 7.1.1. We denote by K((τ −1 )) the skew field of Laurent series in τ −1 with finite principal parts. The multiplication in K((τ −1 )) is twisted by the q-Frobenius: for all α ∈ K one has ατ −1 = τ −1 α q . The subring of power series in
Formal Drinfeld motives
The τ −1 -adic topology on K((τ −1 )) is given by the ring of definition K[[τ −1 ] ] and the ideal of definition K[[τ −1 ]]τ −1 . This induces a canonical topology on every left K((τ −1 ))-vector space of dimension 1.
• the action of F on V is continuous in the τ −1 -adic topology. A morphism of formal Drinfeld motives is a morphism of left K((τ −1 )) ⊗ Fq Fmodules.
Definition 7.1.3. For each continuous morphism φ : F → K((τ −1 )) we denote by V (φ) the formal Drinfeld motive K((τ −1 )) with the action
for all (α, x, v) ∈ K((τ −1 )) × F × V (φ). We say that V (φ) is defined by φ. This construction gives all the formal Drinfeld motives up to isomorphism. Let v τ −1 : K((τ −1 )) × → Z be the normalized τ −1 -adic valuation.
Lemma 7.1.5. Let V be a formal Drinfeld motive. Fix a nonzero element v ∈ V and let φ :
) is a positive integer multiple of the normalized m-adic valuation and is independent of the choice of v.
In a moment we shall see that it is always an integer.
Proof of Lemma 7.1.5. Since the action of F on V is continuous in the τ −1 -adic topology it follows that φ is continuous. In particular φ(m n ) is contained in K[[τ −1 ]]τ −1 for some n 0. This forces the τ −1 -adic valuation of every nonzero element of φ(m) to be positive.
Let κ be the algebraic closure of (1) The K ⊗ Fq F -module structure on V extends uniquely to a continuous B Kmodule structure. Proof. The unicity part of (1) follows since K ⊗ Fq F is dense in B K . To prove the existence pick a left K[[τ −1 ]]-submodule T ⊂ V of rank 1. Lemma 7.1.5 implies that for all n ∈ Z we have z n T = τ −nrd T . Hence T is a K ⊗ Fq O-module which is complete with respect to the ideal K ⊗ Fq m. Now A K is the completion of K ⊗ Fq O at K ⊗ Fq m and so the K ⊗ Fq O-module structure on T extends uniquely to a structure of a continuous A K -module. The natural map T [z −1 ] → V is a bijection since r > 0. Thus V acquires a structure of a continuous B K -module compatible with T . We get the existence part of (1).
The quotient T /zT is of finite dimension over K and so is finitely generated over A K /z. The fact that T = lim n→∞ T /z n T then implies that T is finitely generated over A K [St: 031D]. As B K is a finite product of fields it follows that V is a locally free B K -module of finite type and T is a lattice in V .
The identity τ · (xv) = σ(x) · τ v holds for all x ∈ K ⊗ Fq F and v ∈ V . Since the multiplication by τ is continuous and K ⊗ Fq F is dense in B K we conclude that this identity holds for every x ∈ B K . The multiplication by τ is bijective and so V is an isocrystal.
The B K -module V is free of finite rank by Corollary 3.5.2. Now A K is a finite product of discrete valuation rings and B K is the product of the corresponding fraction fields. It follows that the lattice T is a free A K -module. As a consequence T /zT is a free A K /z-module. Since dim K A K /z = d and dim K T /zT = rd we conclude that T is a free A K -module of rank r. The equality τ rd T = z −1 T shows that the isocrystal V is pure of slope − 1 r and we get (2) . Property (3) follows since z n T = τ −nrd T as observed above.
The field K is perfect and so the multiplication by τ is bijective on every B Kisocrystal. Hence such an isocrystal is naturally a left module over the subalgebra of Laurent polynomials K{τ, τ −1 } ⊂ K((τ −1 )). Proof. The unicity part of (1) follows since K{τ, τ −1 } is dense in K((τ −1 )). Let us prove the existence. The isocrystal M * is pure of rank r and slope 1 r . Applying Proposition 4.1.2 to M * and dualizing we conclude that there is an increasing family of lattices {T n } n∈Z in M such that
. Property (i) shows that T is closed under the action of τ −1 . It follows from property (ii) that the lattices τ −n T , n 0, form an m-adic fundamental system. Now T is m-adically complete and so the structure of a left K{τ −1 }-module on it extends uniquely to a structure of a topological left K[[τ −1 ]]-module. Property (ii) implies that the multiplication by z on T coincides with the multiplication by an element α ∈ K[[τ −1 ]] of τ −1 -adic valuation rd. As T [z −1 ] = M we conclude that the structure of a left K[[τ −1 ]]-module on T extends uniquely to a structure of a left K((τ −1 ))-module on M . We thus get the existence part of (1).
Next we shall prove that dim K((τ −1 )) M = 1. It follows from Property (iii) that dim K T /τ −n T = n for each n > 0. In particular there is a K[[τ −1 ]]-linear morphism f : K[[τ −1 ]] → T which reduces to an isomorphism modulo τ −1 . Since T /τ −n T is finitely generated over K[[τ −1 ]] noncommutative Nakayama's lemma implies that f is surjective modulo τ −n . Comparing the dimensions of the source and the target we conclude that f is an isomorphism modulo τ −n . As T is τ −1 -adically complete it follows that f is an isomorphism. Therefore M = K((τ −1 )) ⊗ K[[τ −1 ]] T is of dimension 1 over K((τ −1 )).
The action of the subfield F ⊂ B K on M commutes with the action of a dense subalgebra K{τ, τ −1 } ⊂ K((τ −1 )) and so with the whole K((τ −1 )). Therefore the isocrystal M acquires a structure of a formal Drinfeld motive. This motive is of height r since τ −rd T = zT . We thus obtain property (2) . Property (3) follows since the τ −1 -adic topology on T coincides with the m-adic toplogy by construction. 
Finally let M be a pure isocrystal of rank r > 0 and slope − 1 r . Proposition 7.1.8 equips M with a structure of a formal Drinfeld motive V . The unicity part of Proposition 7.1.10 implies that M = M (V ) and we get the result. Proposition 7.1.11. Let V be a formal Drinfeld motive and let L be a perfect field over K. 
Proof. This is a formal consequence of Proposition 7.1.11. 
7.3.
Comparison. As before we fix r > 0, an algebraic closureK of K and denote byF the algebraic closure of F q inK. Pick a continuous morphism ι : F →F((τ −1 )) such that v τ −1 (ι(z)) = rd. Let D ι be the centralizer of ι(F ) inF((τ −1 )). We shall see in a moment that D ι is a central division algebra of invariant − 1 r over F . Let φ : F → K((τ −1 )) be a continuous morphism such that v τ −1 (φ(z)) = rd. Following J.-K. Yu [31, Construction 2.5] we consider the set
The Weil group W K acts on Y ι by the rule γ · u = τ ord γ γ (u) where γ is as in Definition 7.2.1. The centralizer D × ι acts on Y ι by the left multiplication. Let J be the formal Drinfeld motive overF defined by ι. As before we denote by D the ring End J. 
whereV =K((τ −1 )) ⊗ K((τ −1 )) V . Theorem 7.2.6 shows that dim D T (V ) = 1.
, is an isomorphism of W K -sets and transforms the left action of D × ι to the right action of D × = (D op ι ) × . Proof. This map is bijective since dimF ((τ −1 )) J = 1 and is compatibile with the actions of D × ι and D × by construction. It remains to check the W K -equivariance. Pick an automorphism γ ∈ W K and set n = ord γ. Let f be an element of T (V ) corresponding to u ∈ Y ι . By Definition 6.1.1 the morphism γ(f ) : J →V is given by the formula y → γ (τ n yu). Now γ acts as the q −n -Frobenius onF and so γ (τ n yu) = τ n γ (y)γ (u) = yτ n γ (u).
Hence γ(f ) corresponds to the element τ n γ (u) = γ · u of Y ι .
Isocrystals over a discrete valuation ring
Let K be a field over F q equipped with a nontrivial discrete valuation v : K × → Z. Let R be the ring of integers of v. We define
The endomorphisms σ of A R , B R extend uniquely to A R , B R .
8.1. Base change results. In [17] de Jong demonstrated (under a technical assumption on R) that the base change functor from F -isocrystals over R to Fisocrystals over K is fully faithful. He observed that this functor factorizes through an intermediate category, that of overconvergent F -isocrystals, and proved the full faithfulness of the first resulting functor. It was later shown by Kedlaya that the second functor is also fully faithful [23, Theorem 5.1].
Our aim is to prove a related result for B R -isocrystals. We consider the following factorization of the base change functor:
We show that the first functor is fully faithful and that the second one is fully faithful on B R -isocrystals M such that B K ⊗ B R M is pure. This is enough for our purposes but a stronger result has a chance of being true: 
We shall prove that H τ = (K ⊗ R H) τ . Pick an element x ∈ K ⊗ R H τ . Let ζ ∈ K be a uniformizer and n 0 an integer such that ζ n x ∈ H. By assumption τ (ζ n x) = ζ qn x = ζ (q−1)n · ζ n x.
If n > 0 then τ acts by zero on the image of ζ n x in B k ⊗ B R H. As σ is injective on B k it follows that ζ n x belongs to the kernel of the reduction map H → B k ⊗ B R H. This kernel is ζH since B k = B R /ζB R . Dividing by ζ we conclude that ζ n−1 x ∈ H. An induction over n now implies that x ∈ H.
Next we study the base change functor from B R -isocrystals to B K -isocrystals. We begin with the notion of purity for B R -isocrystals. (
Proof. Assume that M K is pure of slope λ. There are integers s and r, r > 0, and a lattice T K in M K such that λ = s r and z s T K = τ rd T K . The intersection T = T K ∩ M is a lattice in M by Lemma 8.1.6. Let T be the A R -submodule of M generated by τ rd T . This is a lattice in M which generates z s T K over A K . The unicity part of Lemma 8.1.6 implies that z s T = T . Hence M is pure of slope λ. (1) The B R -isocrystal M arises from a σ-module over A R .
Proof. Assume that M K is pure of slope 0. Proposition 4.3.2 shows that M K arises from a σ-module T K over A K . The intersection T = T K ∩ M is a lattice in M by Lemma 8.1.6. Let T be the A R -submodule of M generated by τ T . This is a lattice in M which generates T K over A K . The unicity part of Lemma 8.1.6 implies that T = T . In other words T is generated by τ T and so is a σ-module over A R .
Our proof of the base change result for σ-modules relies on a few technical lemmas. Let σ be the q-Frobenius endomorphism of R and K. We denote by S the ring R[x 1 , . . . , x n ]. Let I ⊂ S be the ideal generated by the elements
u ij x j , i ∈ {1, . . . , n}.
By construction
Hom R-alg (S/I, K) = Hom K{τ } (K ⊗ R M, 1 K ), Hom R-alg (S/I, R) = Hom R{τ } (M, 1 R ).
The result follows since the ring homomorphism R → S/I is finite. 
Proof. Lemma 8.1.9 implies that for all n the natural map
is a bijection. The result follows since 1 A R and 1 A K are m-adically complete.
Lemma 8.1.11. The ring A R is a finite product of principal ideal domains.
Proof. The ring A R is a product of finitely many R-algebras A i which are regular local rings of dimension 2. Every localization A i = K ⊗ R A i is a Dedekind domain since it is regular of dimension 1. Thus every ideal of A i decomposes into a product of prime ideals. The nonzero prime ideals of A i come from the prime ideals of A i of height 1. The claim follows since all such ideals are principal.
Proof. It follows from Lemma 8.1.11 that there is a locally free A R -submodule of finite type P ⊂ M * which generates M * over A R . Multiplying P by a high enough power of a uniformizer ζ ∈ R we reduce to the situation where P is a left A R {τ }-submodule. Consider the diagram of natural inclusions
The right inclusion is an equality since P generates M * over A R . The bottom inclusion is an equality by Lemma 8.1.10. We therefore have a natural bijection Let k be the residue field of R. 
• the natural map B K ⊗ BM → M is an isomorphism. We say that M has good reduction over R if it admits a B R -model. We say that M is of analytic type over R if it admits a B R -model.
Convention. We do not mention R when its choice is clear from the context. (1) The isocrystal M has good reduction over R.
(2) The Tate module T (M ) is unramified at the valuation v : K × → Z.
We deduce this from a few intermediate results.
Lemma 8.3.7. Letx be a geometric point of Spec K. Then the morphism ofétale fundamental groups π 1 (Spec K,x) → π 1 (Spec R,x) is surjective and its kernel is the normal closure of any inertia subgroup at the valuation v : K × → Z.
Proof. See [26, Corollary 6.17] The isocrystal H = N ⊗ M is a left S-isocrystal in the sense of Definition 3.6.1. The isocrystals S and H are pure so Proposition 8.3.3 shows that the structure of a left S-isocrystal on H restricts to a structure of a leftS-isocrystal onH. Invoking Proposition 3.6.3 we conclude that there is a B R -isocrystalM such that H is isomorphic toÑ ⊗M as a leftS-isocrystal. So the left S-isocrystal H is isomorphic to N ⊗ (B K ⊗ B RM ). Applying Proposition 3.6.3 one more time we deduce that M is isomorphic to B K ⊗ B RM .
Proof of Theorem 8.3.6. We denote by λ the slope of M . Fix a separable closure K s of K. LetF ⊂ K s be the algebraic closure of F q . Pick a pure and simple BF-isocrystal N of slope λ. The pair (K s , N ) defines a Tate module functor.
In addition to N we shall use a nonzero pure B Fq -isocrystal P of slope λ. This exists by Proposition 3.4.10. The B K -isocrystal H = Hom(B K ⊗ B Fq P, M ) is pure of slope 0. We claim that the following properties are equivalent:
(i) the representation T (M ) is unramified at v, (ii) the representation T (H) is unramified at v, (iii) the isocrystal H has good reduction over R, (iv) the isocrystal M has good reduction over R.
Let L be the subfield of K s generated by K andF. We have 8.4. Hartl-Pink theory. We assume that F = F q ((z)). For expository purposes we shall consider an arbitrary valuation v : K × → R. However all our results will be stated for a discrete v. We denote by |x| = q −v(x) the induced norm on K. The field K is assumed to be complete with respect to | · |. Definition 8.4.1. We denote by C K the ring of power series n∈Z α n z n , α n ∈ K which converge on the punctured open unit disk: lim n→±∞ |α n |ε n = 0 for all real numbers ε ∈ (0, 1). We equip C K with an endomorphism σ given by the formula σ n α n z n = n α q n z n .
The theory of Hartl and Pink [15] classifies σ-bundles for every algebraically closed field K. Definition 8.4.3. Let λ = s r be a rational number written in lowest terms. We denote by M λ the σ-bundle with a C K -basis e 1 , . . . , e r on which τ acts as follows:
The σ-bundle M λ is isomorphic to the σ-bundle F −s,r of [15, Section 8] . Note that Hartl and Pink use the geometric normalization of signs: the σ-bundle M λ is stable of weight −λ in their terminology.
The ring C K can be defined in a way which does not involve a choice of a uniformizer z. However the isomorphism type of M λ depends on this choice when K does not contain an agebraic closure of F q .
Our criterion of good reduction hinges on the following property of M λ :
In contrast if K is algebraically closed and λ < 0 then the F -vector space M τ λ is infinite-dimensional (see [15, Proposition 8.4] ; note the change of sign for λ). The case λ < 0 is exactly the one appearing in the good reduction criterion. Hence for all n, m ∈ Z we have α n+ms = α q m n . If s = 0 then clearly α n ∈ F q and the convergence condition implies that α n = 0 for all n 0. Assume that s = 0. Then for all n ∈ Z and all m > 0 the q m -th root of α n belongs to K. As K is discretely valued we conclude that |α n | is either 0 or 1 and moreover |α n+s | = |α n |. The convergence condition then implies that α n = 0.
Next we relate σ-bundles to isocrystals. The coefficient field F is F q ((z)) by assumption. Hence B K = K((z)) is the ring of Laurent series with finite principal parts. The subring B R ⊂ K((z)) consists of the series with bounded coefficients. All such series converge on the punctured open unit disk. We thus have natural inclusions B R ⊂ B R ⊂ C K compatible with the action of σ. We shall prove that the natural map H τ → (C K ⊗ B R H) τ is an isomorphism.
Let K u be the maximal unramified extension of K. Denote its completion by K c and let R c be the ring of integers of K c . Let C K c be the ring of Definition 8.4.1 constructed for the field K c . The Galois group G = Gal(K u /K) acts on K c by continuity. We get an induced action on B R c and C K c . The natural map
Thus it is enough to prove the theorem for K c in place of K. We are then free to assume that the residue field k of K is separably closed. 
Drinfeld modules
Let A be a Dedekind domain of finite type over F q with finite group of units A × . We call A the coefficient ring. We use the following notation:
• C is the projective compactification of Spec A over F q , • ∞ is the unique closed point in the complement of Spec A in C, • F ∞ is the local field of C at ∞, • d is the degree of the residue field of F ∞ over F q , Let K be a field over F q . Fix a Drinfeld A-module E of rank r over Spec K. 9.1. The motive of a Drinfeld module. Let us review the notion of a motive of E introduced by Anderson [1] and discuss several results of Anderson [1] and Drinfeld [3] concerning its structure. Definition 9.1.1. Given an F q -algebra R we set A R = R ⊗ Fq A. We equip A R with an endomorphism σ acting as the identity on A and as the q-Frobenius on R.
of F q -linear group scheme morphisms from E to G a,K . The ring A acts on M via the group scheme E. The field K and the element τ act by composition with the scalar endomorphisms and the q-Frobenius of G a,K respectively. Proposition 9.1.3 (Drinfeld [3] ). The A K -module M is locally free of rank r.
Proof. Let X = Spec K × Fq C. The A K -module M defines a quasi-coherent sheaf on the open subscheme Spec(K ⊗ Fq A) ⊂ X. Proposition 3 of [3] implies that this sheaf extends to a vector bundle of rank r on X.
Let Lie E (K) be the tangent space of E at 0. The action of A on Lie E (K) provides the cotangent space Lie E (K) * = Hom K (Lie E (K), K) with a structure of an A K -module. For each F q -algebra R we set A R = A R,F∞ and B R = B R,F∞ .
Proposition 9.1.6 (Drinfeld [3] ). The module M ∞ is a pure isocrystal of slope − 1 r . Proof. Let X = Spec K × Fq C and let σ : X → X be the endomorphism which acts as the q-Frobenius on K and as the identity on C. Denote by U the open subscheme Spec(K ⊗ Fq A) ⊂ X. The complement of U is a divisor. Let O(1) be the corresponding line bundle.
According to Proposition 3 of [3] there is an increasing family {F n } n∈Z of rank r vector bundles on X extending M on U and a compatible system of morphisms σ * F n → F n+1 extending the linearized action map σ * M → M such that for all n (i) the induced map σ * (F n /F n−1 ) → F n+1 /F n is an isomorphism, (ii) F n+rd = F n (1). Set T n = H 0 (Spec A K , F n ). The fibre product of Spec A K and U over X is Spec B K . Therefore {T n } n∈Z is an increasing family of lattices in M ∞ . We claim that
Property (b) follows immediately from (ii). Let us prove (a).
Since the morphism σ * F n → F n+1 restricts to the linearized action map of M on U it follows that τ T n ⊂ T n+1 . Property (i) implies that the induced map σ * (F n /F n−rd ) → F n+1 /F n−rd+1 is an isomorphism. Now F n−rd = F n (−1) by (ii) so the inclusion τ T n → T n+1 induces an isomorphism modulo zA K . As A K is m-adically complete Nakayama's lemma implies that τ T n = T n+1 .
It follows from (a) and (b) that z −1 T 0 = τ rd T 0 . This fact has two consequences. First, the linearized action map of M ∞ is surjective. As it is also injective we conclude that M ∞ is an isocrystal. Second, the isocrystal M ∞ is pure of slope − 1 r . Whence the result. 
It carries an action of the ring D = End N on the right and the Weil group W K on the left, see Definition 6.1.3. 
A different choice of u changes ρ ∞ by conjugation.
. This isomorphism transforms the left action of (D op ) × to the right action of D × .
Proof of Theorem 9.2.2. Let K pf be the perfect closure of K. The construction of the motive M is compatible with arbitrary base change. Hence the motive of E over Spec K pf is K pf ⊗ K M and the corresponding ∞-adic isocrystal is
. At the same time the torsor Y ι is defined in terms of the base change of E to Spec K pf . Hence we are free to assume that K is perfect.
Let v ∞ be the normalized valuation on F ∞ and v τ −1 the normalized τ −1 -adic valuation on K((τ −1 )). The fact that E is a Drinfeld module of rank r implies that v τ −1 (φ(a)) = rd · v ∞ (a) for all a ∈ A. So φ extends uniquely to a continuous morphism φ : F ∞ → K((τ −1 )). By construction v τ −1 (φ(z)) = rd for a uniformizer z ∈ F ∞ . Set V = K((τ −1 ))⊗ K{τ } M . The discussion above shows that V is of dimension 1 over K((τ −1 )) and that the action of A on M extends uniquely to a continuous action of F ∞ on V . This makes V a formal Drinfeld motive. The height of V is r since v τ −1 (φ(z)) = rd. 
• M is locally free of finite rank over A K ,
• the linearized action map of M is injective. These objects were introduced by Drinfeld and christened by Gardeyn [7, Section 1.1].
One can show that The K-vector space Lie E (K) is one-dimensional, and so the action of A on it induces a homomorphism ι E : A → K, the characteristic morphism of E. We assume that ι E (A) ⊂ R. It then makes sense to ask whether E has good reduction over Spec R.
Proof of Proposition 9.4.2. Let a ∈ A be an element which is transcendental over F q and let α = ι E (a) be its image in R. Consider the element u = 1 ⊗ a − α ⊗ 1 of A R . According to Proposition 9.1.4 it acts by zero on the cokernel of the linearized action map of M . As B R is flat over A K it is enough to show that u becomes a unit in B R .
Let v ∞ : F × ∞ → Z be the normalized valuation. Since a ∈ A is not algebraic over F q it follows that v ∞ (a) < 0. As a consequence the series n 0 α n ⊗ a −n converges to an element v ∈ B R . By construction uv = 1 ⊗ a and the result follows since a is invertible in F ∞ .
Next we review the notion of a model of M due to Gardeyn [7, 10] . Proof. LetM k = A k ⊗ A RM and letM k,∞ = B k ⊗ A kM k . Denote by f ∞ , f k,∞ and f k the linearized action maps ofM ∞ ,M k,∞ andM k respectively. We claim that the following properties are equivalent:
(i) f k is injective.
(ii) f k,∞ is an isomorphism.
(iii) f ∞ is an isomorphism. (i) ⇒ (ii). The A K -module M is locally free of constant rank. Since the map Spec A K → Spec A R is bijective on connected components it follows thatM is a locally free A R -module of constant rank. Hence the same is true of the A k -modulẽ M k and the B k -moduleM k,∞ . The base change of f k to B k is naturally isomorphic to f k,∞ . Since B k is flat over A k it follows that f k,∞ is injective. As B k is a finite product of fields andM k,∞ is locally free of constant rank we conclude that f k,∞ is also surjective.
(ii) ⇒ (i). We have a commutative square The first claim follows since the generic fiber ofẼ is E. The second claim follows from Proposition 9.1.4 since the special fiber ofẼ is a Drinfeld module. ThusM is a B R -model of M and we are done.
Conversely, suppose that M admits a good model. Proposition 9.1.6 shows that M ∞ is a pure isocrystal of rank r and slope − 1 r . Applying Proposition 4.1.2 to the dual M * ∞ we conclude that there is an increasing family {T K,n } n∈Z of lattices in M ∞ such that for all n (1a) T K,n+1 = τ T K,n , (2a) T K,n+rd = z −1 T K,n where z ∈ F ∞ is a uniformizer, (3a) dim K T K,n+1 /T K,n = 1.
LetM be the B R -model of M and set T n = T K,n ∩M ∞ . We claim that {T n } n∈Z is an increasing family of lattices inM ∞ such that for all n (1b) T n+1 = τ T n , (2b) T n+rd = z −1 T n (3b) T n+1 /T n is a free R-module of rank 1.
Applying Lemma 8.1.6 and Lemma 8.2.1 we conclude that T n is the unique lattice inM ∞ which generates T K,n over A K . The linearized action map ofM ∞ is an isomorphism by Proposition 9.4.5. Hence τ T n is a lattice inM ∞ . The unicity property of T n then implies (1b) and (2b). It follows from (2b) that the quotient T n+1 /T n is a submodule of a finitely generated free R-module T n+rd /T n = z −1 T n /T n . In particular this quotient is finitely generated free. Property (3a) then implies that T n+1 /T n is of rank 1 and we get (3b).
Our next task is to build out ofM and the family {T n } a Drinfeld module over Spec R with the generic fiber E. We use the following notation:
• X = Spec R × Fq C, • Z is the divisor on X defined by the vanishing locus of z, • O(1) is the line bundle corresponding to Z.
We equip X with an endomorphism σ acting as the q-Frobenius on R and as the identity on C.
The scheme Spec A R is the completion of X along Z. The complement of Z in X is the open subscheme Spec(R ⊗ Fq A). The fiber product of X\Z and Spec A R over X is Spec B R . So glueingM to T n alongM ∞ we obtain a vector bundle F n of rank r on X.
The bundles F n form an increasing family. By property (1b) the multiplication by τ onM and T n defines a compatible family of morphisms σ * F n → F n+1 . We claim that for all n (i) the induced map σ * (F n /F n−1 ) → F n+1 /F n is an isomorphism, (ii) F n+rd = F n (1), (iii) H 0 (X, F n /F n−1 ) is a free R-module of rank 1.
Indeed (i) follows from (1b) and snake lemma, (2b) implies (ii), and (3b) implies (iii). Furthermore it follows from (3b) that χ(F n ) = χ(F n−1 ) + 1 for all n. Hence shifting the indices we can ensure that (iv) χ(F −1 ) = 0.
According to [3, Proposition 3] the family of vector bundles {F n } and morphisms {σ * F n → F n+1 } satisfying (i) -(iv) determines a Drinfeld moduleẼ over R with the motiveM . This construction is natural in R and so the motive of the generic fiber ofẼ is M . The functor from Drinfeld modules to motives is fully faithful [1, Theorem 1] . Hence the generic fiber ofẼ is E. 9.5. The good reduction criterion. Lemma 9.5.1. Let P ⊂ M be a left A R {τ }-submodule such that K ⊗ R P = M . If P is finitely generated over A R then there is a modelM ⊂ M such thatM ∞ = B R ⊗ A R P and P ⊂M .
Proof. Let P * * be the double dual of P over A R and let M * * be the double dual of M over A K . Since M is locally free the natural map M → M * * is an isomorphism. LetM be the preimage of P * * under this map. By constructionM contains P and is a reflexive A R -module. Since A R is a regular ring of dimension 2 it follows that M is locally free [16, Corollary 1.4] .
Double duals of finitely generated modules are functorial and compatible with arbitrary base change. In particular τ lin P gives rise to a morphism σ * (P * * ) → P * * which is compatible with the morphism σ * (M * * ) → M * * induced by τ lin M . Hencẽ M is a left A R {τ }-submodule of M . Next, K ⊗ R P = M so the compatibility of double duals with base change implies thatM is a model of M .
Set P ∞ = B R ⊗ A R P . By construction P ∞ is a submodule of M ∞ and so is torsion-free. As B R is a finite product of regular rings of dimension 1 it follows that P ∞ is locally free. Therefore the natural map P ∞ → P * * ∞ is an isomorphism. The fact thatM ∞ = P ∞ then follows from the compatibility of double duals with base change.
Proposition 9.5.2. Let R → S be a finite local morphism of discrete valuation rings and let L be the fraction field of S. Suppose that L ⊗ K M has a good model over S. If M ∞ has good reduction over R then M has a good model over R.
Proof. We claim that it is enough to construct a left A R {τ }-submodule P ⊂ M with the following properties:
(1) P is finitely generated over A R and K ⊗ R P = M , (2) P ∞ = B R ⊗ A R P is an isocrystal.
Indeed Lemma 9.5.1 shows that there is a modelM ⊂ M such thatM ∞ = P ∞ is an isocrystal. Proposition 9.4.5 implies that the modelM is good and the claim follows. Let us construct a submodule P satisfying (1) and (2) . LetM L be the good model of M L = L ⊗ K M over S. Consider the left A R {τ }-module P = M ∩M L . It is of finite type over A R by construction. The equality K ⊗ RML = M L implies that K ⊗ R P = M . So P has property (1).
Before we continue with the proof of (2) let us introduce the following notation:
Since B R is flat over A R we conclude that . If M ∞ has good reduction then E has good reduction.
Proof. We are free to assume that K is v-adically complete. By Theorem 9.4.6 it is enough to prove that M has a good model. In view of Proposition 9.5.2 we are free to replace K by a finite separable extension. So it is enough to treat the case when E has stable reduction. As in [8] we denote by K t the ring of entire power series n 0 α n t n , α n ∈ K, lim n→∞ |α n | 1 n = 0.
We equip K t with an endomorphism σ : n α n t n → n α q n t n . Set M an = K t ⊗ A K M . Gardeyn [8, Theorem 1.2] constructed a short exact sequence of left K t {τ }-modules ( * ) 0 → N an → M an → M an 1 → 0 with the following properties:
• M an 1 is locally free over K t and its rank is equal to the stable rank of E, • N an is potentially trivial: there is a finite separable extension L/K and an isomorphism of left L t {τ }-modules L t ⊗ K t N ∼ − → (1 L t ) ⊕n . Thanks to Proposition 9.5.2 we are free to assume that L = K.
Let C K be the ring of Definition 8.4.1 with z = t −1 . The natural inclusion K t ⊂ C K commutes with σ. The base change of ( * ) to C K gives a sequence The isocrystalsÑ ,M ∞ are pure of different slopes 0, − 1 r . So Proposition 3.4.16 shows that Hom(Ñ ,M ∞ ) = 0. Since the morphism N → M is injective we conclude that N = 0. Thus the rank of E is equal to the stable rank and so E has good reduction.
Theorem 9.5.4. The following are equivalent:
(1) The Drinfeld module E has good reduction over Spec R.
(2) The isocrystal M ∞ has good reduction over R.
(3) The Tate module T (M ∞ ) is unramified at the valuation v : K × → Z.
Proof. The implication (1) ⇒ (2) is a consequence of Theorem 9.4.6 and Proposition 9.4.5. The equivalence of (2) and (3) follows by Theorem 8.3.6. It remains to prove (2) ⇒ (1). Pick an element t ∈ A which is transcendental over F q . It is enough to show that E has good reduction as a Drinfeld F q [t]-module. The local field of F q [t] at infinity is F q ((t −1 )). The analogs of rings B K and B R for the coefficient field F q ((t −1 )) are K((t −1 )) and R((t −1 )) respectively. The natural morphisms
are isomorphisms since F ∞ = F q ((t −1 )) ⊗ Fq[t] A. LetM ∞ ⊂ M ∞ be the good model. Note the following facts:
• The motive of the Drinfeld F q [t]-module E is M with the action of K[t]{τ } given by restriction of scalars from A K {τ }.
•M ∞ is a good model of the K((t −1 ))-isocrystal M ∞ . We thus reduce to the case A = F q [t] where the claim follows from Lemma 9.5.3.
